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At a. meeting in April 1976, the Advisory Board of the journal Investigations
in Aathematics Education recommended that a- document be developed which would
provide some perspectives on the Use of -case studies and other. clinical
approaches in mathematics education. The ERIC Center for Science, Mathematics,
and Environmental Education agreed to sponsor the preparation and publicat4.on
qf such a document. Professor Easley was contacted--and the result is in your
hands.

A large portion of this paper contrasts several research strategies, discussing
in'some detail the procedures --and some of the results -- of three distinctive
types of studies. The perspectives and the premises of Erlwanger, Piaget,' and
some Soviet, studies are considered in relation to the techniques and outcomes
which result From their work. Then the uses Of clinical research in the class-
room are discussed--both the .se of research results and of research methods.

Finally, Professor Easley cites references which readers may find useful in
further exploring clinical studies. The result is a document which is unique
in providing information to consider as alternative patterns of research are
sought.

ERIC/SMEAC is pleased to make this publication available to mathematics
educators and others interested.in clinical approaches.

Marilyn N. Suydam
Editor

)
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This publication was prepared pursuant to a contract with the National
Institute of Educattbn, U. S. Depattmentof Health, Education and Welfare. '

Contractors ungprtaking such projects under-Gotrernment sponsorship are
encouraged to exaress-. reely their judgillent in professional and technical,
matters. Pointsdbf v ew or opinions do not, therefore, necessarily repre-
sent official Nations, Institute of Educatlon position, or policy.
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A.

ON CLINICAL STUDIES IN MATHEMATICS EDUCATION*

J. A. Easley, Jr.

Committee on Culture and Cognition
University of Illinois at Urbana-Champaign

In recent years'there.has been an Upsurge Of case studies of individual
pupils in mathematids programs,and an ased interest in"Piagetl's
clinical studies of children:/6 think g-and other types of high-inference'
investigations: Such studies appear to violate the canons of resea*ch
traditionally advocated by specialig s in measurement, and statistics, and
many persons report they'don't know ow t ?,evaluate clinical studies or
how to use t em in advancing their n understanding of the field. This
monograph wi 1\discuss general con eptual and methodological issues that
appear to blcick adequate evaluation and use-of clinical studies and wii.P
illustrate these issues with detailed discussion of representatives of
three major ki ds or schools of clinical studies in mathematics education.
The last two ections will discuss uses of clinical studies zn mathematics
teaching an introduce a general bibliography of studies known to this
reviewer. /

Contrafting Research Strategies J

In recent paper (Calpbell, 1975), Donald T. Campbell reverses the
po tion he took against individual case studies in earlier papers such as
Cm.bell and Stanley (1966), Campbell (1961), and Raser, Campbell, and
' =dwick (1970). Then, he had'argued that studies in which. a.single group

an indil.:idual is studied,only once "have such a total absence of control
s to be of almost no scientific value" (Campbell and Stanley, 1966). Now

the concedes that case studies may indeed have scientific value and that he
/ had "overlooked.a major source of discipline." An alert social scientist

engaked in a clinical study generates dozens of p dictions and expectations
that are tested by his or her observations, and h or she is unlikely to retain
a theory or interpretation unless most of the pred ctions it generates are-sup-
ported by a large number of key data. In this way, then, a case study'(or a
Clinical study) is seen as more like a'pattern-matching task rather than
as focusing on a'single Prediction and observational testing, as i most
conventional experimental tesearch.. It is clear also that practitione
ofAcase study-methods tend to use the data gathered to help them shape a
new theoty or select among general theories rather than to-testa tneory
chosen inadvance. They seek to disci:weir the natural processes occuFring
rathen an to determine the distribution of an association or a process,
in a.po ulation.

campb

hypo
11_(1975) suggests that apse studies should tabulate those
etical consequences of the theories held in advance thqt were

*Th author is indebted to many of his collaborators and students
-co siderably beyond the sources indicated,. While it is impossible to list
t m all, Beth Dawson, Bob Davis, Wpb Stake and Marilyn Suydam deserve
s ecial.attent on.
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'supported or refuted, and the reasons_for the step-wise changes that were
made in theory duringthe study. Stake,(1976), advocates that a case
'study should be written in such away as to carry the reader vicariously
through tht experiences that the case writer had. Since case study writers
are often paying less attention to the common theories than the emerging
picture:Ais could mean that the readers have to keep their own'counts of
pfedictions supporting or refuting Iheir own modifications of their own

° developing' theory. _What is clear from the literature on case study method-
ology (andconfirmed by my olpexperience in, training case study researchers)
is that a skeptical and detadhed attitude on the part of the investigator
usually results in rather dramatic changes_id his or her preconceptions
and produceSan awareness of preconceptions he or she was not aware of
having. When a case or clinical study seems to confirm preconceived,ideas,
I then tend to become suspicious that the study, was superficially done and
that very few consequences of those ideas were actually tested against the

data generaied in the study. So I think that Campbell's suggestions are
good ones in the sense that they would help the inexperienced investigator
follow the significant advances in a case study and distinguish between
those observations that,make advances and those that do not. This does
not fteclude also following Stake's advice in doing the writeup. In fact,

it should help alert reader to make "tables',of their Own preconceptions.

Whether a study simply tests hypotheses that were already formulated.and
seriously entertained, or undertakes,to develop a substantial advance in
theory, however, is not the only issue that divides the two contrasting
strategies of research. A second major issue is that of generalizability
of results. Experimentalists feel that they can generalize their findings
from an experiment to the population as a whole because they have drawn an

,adequate random sample from the population about which a hypothesis speaks.*
Clinical researchers feel that they can generalize from a study of a
singlecase to some other individual cases because they have seen a given
phenothenon in one situation in sufficient detail and, know its essential
workings to be able to recognize.it when they encounter it in another'.

situation.** On the conventional strategy for promoting generalizability,

methodological canons are also beirtg challenged. It shoul be recalled

that the theory of inferential statistics gives us the proliability that,

in a series of.experiments.with a random variable, the result obtained

could have arisen by chance alone. It does not speak to uncontrolled
observations encoUntered.in the classroom or in daily life. HOwever,

Guttmga (1953Y contended that sampling theory alone does not solve the
problems of prediction and external validity, even within a series of

random experiments. 'TOis led Cronbach et al. (1972) to. develop a theory

ofgeneralizability tgat resolves some of, the problems of this sort. 10w-

r evet, those authors did not directly address generalizability'beyond the,
conditions of a research design, although they do poirit to ways'of

estimating the accuracy of possible generalizations. A major contribution,

of their work is to Aistinguish-,the different domains from which a set of
,

*This presupposes some distribution law--typically a normal distribution
of construct variability in the population.

-id

**This presupposes that phenomena occur in natural types eachof which is
Ibased on an underlying strudture.
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observations may be'cdhsidered to have,been drawn and the probability
values that attach to inferendes from the data collected to these different
domains. (For example, reliability of observational instruments cannot be
defined apart from a given'ddmain.) Later Cronbach (1975) recdmmended,
something approaching ,the more serious case study, when he, wrote (after
reviewing the methodological problems of aptitude-treatment interaction
studies):

Instead of making generalization the ruling consideration in our
research, I suggest what we reverse ourriorities: An observer
collecting data in one particular''situation.is in a position to
appraise a practice or proposition in that setting, observing
effects in context. In trying-to describe and account for. what
happened, he will give attention to whatever variables were con-
trolled, but he will give equally careful attention to
uncontrolled conditions, to personal characteristics, and to

1

events that occurred during treatment and measurement. As he
goes from situation to situation, his first task is to describe
and interpret the_effect anew in, each locale, perhaps taking
into account fact rs unique to that locale or seri4s of events.

Cronbach's des"L.ription of the,research strategy he now recommends is
reminiscent of a statement by McLean and Stanley (1964) that "experimenta-
tion and analysis have more in common with an exciting treasure hunt than-
with a cut-and-dried mathematics' exercise." Both statements point to the
'possibility of seeing common processes underlying the various kinds of
research reporting, and the realization that the advancement ofkiander:-
standing is a human enterprise which, involves creative processes beyond'
the capacity of automated data processors alone.

Unfortunately, due to the traditions involved in reporting both experimental
and case or clinical studies, it is the exciting generation of ideas and
revision of expectations that is usually left out and which readers he
to supply for themselves. The positivistic movement in philosophy, in
guest of objectivity,'attempted to rid 'science of intuitive and humarr

elements, but it is fading in the light of the realization'that, a purely
mechanical lirocesg stifles the very creative impulses needed for the
advzncement of knowledge. Having read of experiments demonstrating so-'.
eailed Hawthorne and Pygmalion effects,'we may'sometimes fear our all-too-
hUman tendencies toward self-fulfilling prophecies and want t6 put on the
double blinders of the rigorous test of a new drug. But We-also have the
optinn-of opening our eyes wider and observikgpurSelves as expectant
.participants in and expectant observers of instructional situations. This
is the more promising effect of 'clinical studies, for blinders generally
elimingte far more helpful information' than the misinformation they clean

./u13.

For example,, subjects sometimes try to say what they think the interviewee
wants to hear. An experimentalist tries to' disguise his or her intent.
The clini4a1 interviewer can ask more questions: Serious efforts are made
by Piaget, for instance, to discriminate between answers'children may give
"at random," answers given to please the interviewer, and answer/ based on .

-convictions refyarious kinds, involving various degrees of spontaneity,
. *0.
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1
etc. (Piaget, 1929). . Clearly, in inteOeting a clinical interview
protocol,not every datum is, to be taken as just as valuable as every -

other, And other data must be brwtht to bear to make choices among
competing hypotheses (Easley, 1574). In dealing with such problems,
'clinical or case studies again make possible a more direct and more
intricate connection between theory' and data than does the experimental
method with its formal, decision theory apparatus. It is well to not
that, in the, natural sciences, the term "experiment" is not usually
defined so narrowly as in the books on experimental design, and reports
on research do not follow such rigid canons as are common in experimental
psychology and education. (See DriesSen and Derbyshine, 1966, and Walberg,
1966.) In education, it might seem that theoretical training and back-
ground is less needed to read esearch reports than in the natural sciences.
fo read most experimental reports, howeve , a knowledge of statistics is
required.- To read clinical or c4se ud es, prior statistical training
seems to be little demanded. This may contribute to the feeling tnat they
are less scientific. However; as I shall attempt to-show in considering
three distinctive types of studies, appropriate kinds of theoretical know-
ledge are needed to make sense of each type.

Each type has a theofetical or practical perspective from which the
clinical researcher starts, and an attempt will be made to point out what-

\kind of changes in perspective the.researcher is forced to make by the
events of the clinical study thems lves.. It is regrettable, as Campbell
points out

;
that few writers of ca e or clinical studies keep such a tally

for the reader, although a reader who is alert for such changes will .often
find.evidence'of them. However, following Stake's suggestion that the
audience of the case study needs to be able to relive the experiences of
the investigator to some extent, we urge readers of the next thre-! sections
tc kEep their own lists of any assumptions which might be challenged by
the kind:of clinical data discu§sed. However, the real test would be to
read the original studies. It should be emphasized that clinical studies

have a powerful contribution to make to professional knowledge; however, the
contribution does not lie in summaries or conclusions but in communicating
new ways of seeing through thoughtful reading:

' In the.first two examples, E4wanger's study of Benny:s conception of
arithmetic, and Piaget and his colleagues' study of the conservation of
con,tinuous quantity of liquids or plastic substance, the aim is a kind of
commbn-sense epistemology--01e view that in order to communicate a c%Ttain
sense to someone a well-chosen set of examples is required.- Many teachers

. have long known from practice that conventional ideas about mathematical'
. knoriedgeare suspect, and it is only the research community in mathematics

.
i education that tends to keep them alive. In the third example, from recent

Soviet studies of mathematics learning and teaching, it will appear that
epistemology is of little interest and that the practices pf the best

,

teachers are what are being tested. Where they fail, imaginative remedies
are sought, but no general assumption4 about learningare either being'tested
or developed. Only after some familiarity with examples of such major types
of clinical studies can we address the.questiont Of what use are these
,studies to teachers or teacher educators in mathematics?

. .

In writingsthis monograph, I am responding to an historical phenomenon-
the growth in attention'given to particular studies- -anti I cannot defend_
all clinical method/s'nor recommend them in the abstract to practical

. . . .

4
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educators. After years Of trying tck.teacit clintcal observation and
Interviewing 1 can only'make this general prediction: A few readers
will find'something.of value in what, others have found; somewhat more
readers will find clinical methods useful if they carry them out them-.
selves, oriented to problems of-personal interest; but many monk are
likely tolind*that such studies only reveal individual variations in
learning of no general value and of little l,interest. A. readers.wil
discover that they open the doors to understanding the human mind.
Proceed at your own risk!

Erlwanger's Studies of Children's'Conceptions of Mathematics

,
Stanley Erlwanger'4.doctoral dissertation (1974) contains six case studies-
of children's conceptions of,arithmetic which are being published serially
in'the Journal of Children's Mathematical Behavior by the Curriculum
LaTioratory of the University of Illinois at Urbana - Champaign. These
studies exemplify a growing number of other 'stddies,of children's arith-
metic in that jourhalv in the*Arithmetic Teacher, and in other publications.
They are more directly related to sche.0-1 curricula than Piaget's studies
and more detailed in documentation than the Soviet studies-.-the'two
other major types to be considered in this monograph. Erlwanger's studies
havefalsAo attracted cojisiderable attention and generated at least two
different interpretations, for example, canoe seen by comparing my own
editorfal notes in Erlwanger (1973) with those OT Davis in Erlwanger (1975).
Davit assumed that "mathematical understanding" means "correct understanding"
according to current views (not, for example, prehistorical counting, numer-
ology, the Pythagorean theory of rationals, Or even he Newtonian theory of
infiniteSimals), and attempts to use artificial intelligence procedures as
models o thought. I accepted the child's statements carefully listened
to as t authority for what his understanding is and looked for natural .

biologic processes to account for them. So one,st, uld expect each to
choose a different response to this remark by Wittgenstein:

It is clear that we can make use of a mathematical work for a
study in anthropology. But then one thing is not cleaY:--
whether'we ought to say:. This writing shows us how operating

with signs was done among these peopfe,' or 'This writing
shows us what parts of maWiematics these people had mastered
(Wittgenstein, 1956, p. 97e).

,st

We cannot hope to resolve such controversy here, for each reader brings
his'own preconceptions of the nature of mathematics and of ways of improv-
ing mathematics education. Erlwanger notes a 'similar contrast in pointing
out that recent reforms in mathematics educationhave been "directed at
increasing children's understanding of mathematibs," and that these
reforms'emphasized unifying ideas by introducing certain new content and
,refining symbolism. Then he cites Brownell (1944a), Buswell (1949), and
Ginsburg (1972b) in support of the alternative goal of discovering how
arithmetic fa understood from thechild's point of view. Presumably, both
of t are opposed to the behaviorists' view.
that arithmetic is a get of responses correlated with a det of stimuli,
Which seems to characterize the Individually Prescribed Instruction (IPI)
mathematics program which Erlwanger's subjects were studying in:school.

5 9
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IA his introducto chapter and in the first case study (linny),.ErlAngerek
declares his allegiance with Buswell's view that meaninga-in.arithmetic are
what children'thak and not necessarily what, adulp think.

1

Benny; a 1.2- year -old, had recently completed jevearal A the IPI exercises
on decimal fractions. While he admitted that he usually didn't: get them
right on the first try, he claimed that, after having his answers checked,

....
he-could figure out-what was wanted on a particular page* (His teacher
supported this claim, indicating that he was a hard,worker and'one of the
best mathematics students' in the fifth grade.) . In explaining his work on
one proBlem, Benny says:

,

Wait, I'll show ydu something.. This is (has?) a key. If I ever
get this one (i.e., 2 + .8)..:actually, if I put 2 8/10, I gjit
it wrong. Now sown here, if I had this example (i.e., 2 + 8/10),
and I put-1.6, I get it wrong. But really they're the same, niS
matter what the key says.

and later,

IfI did, 2 + .1, that will giv, me a decimal; th.d will he .5.
If I did it in. pictures (i.e., physical models) tLt will give
me 2.3. If I ci,,lcrit in fractions like-this (i.e., 1 + 3/10),
tOatkwill give me 2 3/10. JErlwanger, 973) .-

.So he knows the answer that we consider t ahe right nswer,
0

another doe we don't
accept, and still another answer that we night accept but' the key dossn t. .

Since his cask is to put down the one answer 'that the Ice, accepts, fie fe is
\ie has to explore all possibilities, and since the key,adcepts some answers
that he doesn't unders,tand physically

'

'he doesn't take, the p'hysical.lay as
.

sa final authority. It reminds me a little of these queries-of Wittgere'-
stein's about whether we agree on what agreement means:

...----

Would it be possible that people should go through *on of our
calculations today and be satisfied with the conclusions, but
tomorrow want-to-draw quite different conclusions, and
ones again on another day?

, .

Why isn't it imaginable that it should regularly happen like'
that: that when we make this trangtilon one time, the next time,

: 'just for that reason,' we make a different one, and therefore
(say) die next time the first dnp again?... It might be called
d need fo'r variety...Are our Laws of inference eternal and
immutable?' (Wittgenstein, 1956, p. 45e).

Now many mathematics educators have argued that once a child has.under-
--stood the physical basis of an operation, he would always be able to

perform it in a meaningful way. We see thai, whike Benny is not alternat-2
ing between what he calls the,decimal way, the physical way, and the
fractions way, as Wittgenstein's remarks might fancifully suggest, fie is
not .consistently using just one way, which is the main point of Wittgen-
stein's questioni4 the assumption that consistency is only' natural. In
fact, for Benny's situation, in which the key arbitrarily results in"his
getting markedwrdng for responses .which make sense to 'him, the more'

6 .
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different ways he has to try, the more appropriate becomes'a trial-and-
makeserror strategy. This he makes every clear in his perception of what is

e
necessary. .

This p4ttein, which is amply spported throughout the case study, also
eliminates, another common assumption made in teachihg arithmetic--that t .

right answers represent correct understanding and wrong ansOdrs represept
either misunderstanding'(if frequent- -for IPI; if more than 20% of the
test questions of ,I given type) or carelessness (if infrequent).- We see'

that Benny's thrve ways of interpreting 'decimA. fractions could result
in his getting a page 100% wrong by Any aLthmetical standards (2 + .8 =
1.0), or 100% right (by what he calls "in pittures"), or 100% wrong-by-the-,
key 2 + .8 =.2 8/10) but right-ty-the-definition-of-decimal-fractiOns.

t .
One might think- he could more easily find the pattern that answers right-
by-physicaI-niddels trivially reduce,.to answers that are right-V-the-key. l''
However, it is clear that,he hasnot found'that --, neralization7-after

4*all, what is "trivial"? One is ultimttely led t the cdnclusion that the
different styles of notation (e.g., ,8 vs. 8/10T are not the only thing

.

he pays attention to. Clearly, he also pays attention to meanings (e.g.,
he knows that .8. means 8/10 although he alp'-knows that only one of such'

. equivalences match the key). ,Se, one must entertain th hypothesis that,
sometimes. Benny responds to questions it terms of mean gsf(physical
pictures or equivalences and sometimes ih terms of the p ttergs o the

.symbols. So wereject.the hypOthesis that symbols sire always meaningless
or alwayt meaningful, and that' may be the key to why he cannot disEover 4

the pattern that physical meanings ("in pictures") always gi4e right
answers. Clearly, the other ways do not always give-wrong answers.. .Recall
that'uch iifferent ways are described by Benny in the discussion of a
given problem. They appear to enter his mind briefly while facing a given
problem and not to function consistently as exclusive ways of thinking for
a whole set of problemg or for a.week at a time. We can'also reject, on
the evidenceof Benny's testimony; the common view Alat childrenusually .

know when they doh't,understand How to do a problem. Note. that the way we ..

state that assumption implies the'awareness of a single, canonical proceddre
for doing a problem. Benny clearly cannot tell whether he knows the right,
way to do aprob/em until he gets his paper' checked. It might be said, in
contrast,that BennIs'feels more or less the same about different ways Of
dealing with Na 'problem. From his perspective; not ours, Junderstanding how
to do a problem is having a way to proceed come to mind. In Piagetian
terms, this iS assimilating (with or without accommodation) the problem
to a general schema of some sort which simultaneously directs the procedure
and givesa sense of recognition or of understanding. '

1

ti

4

le .
. ,

Piaget's Clinical Studies of the Concepts of Number and Physical Quantity

Having seen in the last section how the interpretations of'Erlwanger's case
studies are rellted to fundamental-ideas abdut the nature of mathematical-
knowledge and lea=ing,At should come, as no surprise that Pigget's clinical ,

studies actually have'the development of such epistemological ideas as their

go#1. Piaget calls this thrust of his work "genetic epistemology" because 0,,

he is developing a theory of the.,originS of mathematicaland scientific
knowledge, which relates the history of Western science tolthe development
of quantitative and logical ideas in the individual (see EaSle0 1977).

1
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His theory is'mot'eintricate.by fav,than the. more familiar psychological '
);

c ,.
theories oflearningloy.AonaTt0411g: der sample, in reconstructing, the .

detailed procesSes.and-s44,dcA:Of children4s.thougAt, he makes dsd of
fundamental 'modern TriathematiciPLconcepts (like transformation groups ox
Boolean Algebra, instead_of the numerical mathematics. of 'probability or
mtaaurements.) Educators and psychologists wild attempt to aperationalize IP

Piaget's stages'of, intellectual,develoRmgni..miss /the main point, As

Leahy '(1974) points .out, Piaget and 6"zemiriska:s book,'The_chiles_Conception
of _Number (1952), contains a far more, detailed quasi-lathemi.tical discu'ssion

.

of the way in 'tibia children develop co'acepts of OiNglictinuous' and discon-

tinuous, qudntities thanjhas been 'considered, or even understobd, hy*most

-.
.kngio-Arvrican psyChologists. The problem is in part teat few people'dre
prepared for the way inahich.Piilget uses modem Mathematical concepts Ao r

model.-children's.early's9nsory-motor devielopment andAheir later de&lop-
r

ment of such tradifionaYmathemcal concepts as number and continuous
.

quantities (like` amount of-liq4pt to drink, weight, length, area, and
A

volume). In part, the problem ks also that )i.aget's theory of knowledge' '
,

is non-empirical. That is,' he dbeilnot accept the prevalent'view that
4,1 ,

knowledge.arises from the imprinting of infOrmatix,n from the. environment
on the organism's tlIghly plastic storage sy§tem. Instead, he-.believes that ,s

the "rekexeg" which organize thejleo-natels sensSry-motor syltem selectively _

assimilate sopects of the environment to which they can, respon4, dild thereby
p'revide a functionaXinterpretatfon for these aspects. 'It the process' of

, .

4he interaction of the organism with it environment, new syatneses; enlarge- .

ments, and refinements of these ti.r.uctures are produced. -Ins4ort, the ,,

organism constructs a,knowledge of its eqvirbriment from its own' prior
organizations, and can only knm'a wheat it can assimilate:co its own'organfzfng

P.'.
strlIctutes. 's radicalcqnstrucrivism faces numerous q'ilestionsi. Why is
the patnway of,i rellectual development so similar in individuals who are.

,

raised in very .different environment 7 'Why is: the newly emergent organiz-' '
.

ing'ttructure in a child not imme-di tely available for use in the whole
..--

range of situations to which mpst ad lts readily apply it`? Why do mangy .

.

striking examples' of. intuitive oonce s-that Riakdescribes in young
children resemble concepts which have only recently been recognized as
power4u1 tools by mathematicians and sVentisbe; e.g.,the nonpermanent
object,the displacement group, conservation of mothentum..and energy; a-
concept of speed not equivalent ,to the ratio of distance and time, and, ..,

with somewhat older children, atoms, action, and spatial concepts of
.'gravity? Are thee merely read into t- behavior of children because of
their impor#ance in Western thought*, or do they' represent Tart of'a uni: '

vefsal repository of concepts which adults can draw on and formillte in , ,

their' specialized constructions?
, :

-- -J

"16'

/
*If so,.how does that differ from ethologists reading into vanou5 postures'.
of animal behavior hilmanoid concepts suet-1'as "threat,': "appeasemeilt,"

"begging," "displacement," and on a longer time scale thenbonang" Of a '
Pair of birds? From the new _science of-ethology; !e may lenrn.tbat 'tire
question is not whether it is "read in=' but whetheTdoing:sO rrak. s a
useful thebiy, which-raies ithalicitly,another problem, namely' how the
theory can'be used.

. 8
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Mathematics educators, one might think, would:be extremely interested in a,
theory that uses concepts of "new math" to explain how children, tndepen-
dently of any sehooling, construct "concepts of 'old math." But no one
"seeds to have taken the effort to' Workout a'detailed expo.sition in cow-
ventional mathematical.form of more than a few'fragments of the theory
Piaget,proposes, andlew have even fried to discuss the.implications,of its
mathematical basis for uhderatanding the liature of language, mathematics,
and cultura. Papert suggested, the problent'ay lie very mach in the
novel. uses to:which, Piaget puts logical and other ethernet' oncepts
Also; his theory conflicts strongly witli the'prevaii,i childrEn's
mathematical concepts' are ideas whidh must have been. t them or
which.they'must have "caught" froth their cultural,environment,'rather than
ideas whiCh theydeveloped,themselVes.b1 interacting mainliy.With their
;physical-envirbnment (Paperf; 1963)i

Among'thelbest. known-of-t hose who 'attempt to summarize Piaget's theory and
crilicize'it is Jerome Bruner. His attempt xo expres4the theOryis_rep4-.
sentattve of the difficulty, educators and psychologists have with Piagetia ,"

theory. He saysi for example;_ .-

The a6.hievement of this stage (conservation)'permits the
to performAndditional operations,-operations,conceived by_Piaget
to be organized in the form. of mathematicalgroupings. One of
these groupthgs.involves the multiplying:of relations. One such
form of the multiplying ofrelations is call 4iMpensation.
That is, the 'child when confronted with a tall, thin beaker and
a short, fat one filled with liquid to a lower level supposedly
multiplies 'greater,fieight' by 'lesser .Ti.dth' and wiles out with .

'equal quantipri (ffruner, 1966, pp, 184-185).

,.. .

In order to-compare this statement with%the original theory of Piagetand
Szeminskaand-also to pave the way for considering more recent, developments'
in the theor we naed to explore'briefly'the mathematical ideas involved._
The term-"gro pings" refers to 'structures Piaget defined which bear some
relation to a group, as defined in modern'Algebra. They are not, however,
closed structures,' for operations onjtheAelements of the group are liMited
to "neighboring" elements rather than defined across the- entire set of .

elements. As Witz (1969) showed, grouping I is a semi-lattige anioestab-
lisbes a partial-Order relation on classes of objects. Another grouping
partially'orders,relations among objects ar another orders two relations
at once, giving rise to what Piaget cfars'ufmlltiplication of relations."'

-..

_ .

The 'multip1ying of relations' is an iMportaht process in muchkof
Piagir conceptualizing of children'S thinking, but Bruner seems .to be .

saying that the multiplication of relations can take the form,of a compen-
sation which permits the, child to'Compute the'equality of a-quantity of
liquid before and afterthe transfordatIons of its shape by pouring it
into a taller, narrower cylinder- Piaget.and Sr,eminpka; howe7er4 are quite
explicit in their statementtthat this is impossible. It is notthatthey -

-are looking for a logically, ,sufficient argument for conaervation, such as
'..might be bad frdm a formula for the volume ofip cylinder or from an axiom
of the incompressability of liquid. On the contrary, they.have found that

"a metrical concept of volume does not appear until children reach the gge,
Ps.
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of abadt 11 or 12, and they are trying to explain why,'at around 6 years
Amorage, most children acquire an unshakable bp lief in the conservation of
wthe amount of Liquid (e.g., amount to dtink or amount of substance itself).

This oppears to be g nonempi4calconcept, in the. narrow sense that. such
children couldn't, havegeneraliZed from expo invents with weight (sensed
kirlesthetically or.even,by means of, scales) since_ at this age, they still
don't believe in the conservation of weight, or length, or any other.,"

relevant "property" except possibly the number of discrete objectg. IAtead
of proqf or'an empirical generalization, what Piaget and Steminska
are seeking to explain is the development of th 'ystem of concepts which

, have the psychological effect for the child of ing the conservation Of
substance over transformations,of shape a self7evident, necessary principle.
In order to have this function, as Witz.(1969) points out it is necessary :
to connect the mathematical structures with the Situation in .v.Thich the
clinical interview is conducted. In particular, we must demonstrate-the
application of these concepts to the conditions of the task in which 'the
conservation of liquids (or other continuous.substanee) Is investigated.

taskWe shall take, however, an approach to this that 'should be more
familiar o mathematics educators than Piaget's own.

,-lthough.relations of various kinds (numerical, logical, functional,
giaometrical, etc., as well as familial, political, and other kinds of
social relations) were familiar objects of discourse for hundreds if not
thougands of years, in the early 1920s, Norbert Weiner, later Lhe-fbunder

.of cybernetics, propcised'a new ddfinition of "relation" in terms of the ,

sconcepts of set theory. His definition, tha,E a binary relation,is any set
of ordered pairs of elements which are all members of a given set, proved
to be exceedingly useful.to mathematicians in variotis brandhes of the sub: .

j&ct, fittilig in well with-the growing interest in both'logic and set-
theory following the impressIve work of such men as Cantor, Boolo, Hilbert,
and Frege. One important distinction that emerges from this definition is
the distinction between the subset,of the. given set consisting Of all first'
components of the ordered pairs belonging tt a relation and the subset of
the second components. Starting from this definition, relations may be
'divided into four types based on the type of correspondence between the set
of first components (domain) and the set of second component (range) of the
ordered pairs in a relation. Some relations have a one-to-ode correspondence,.
e.g., "present monogamofts husband of," which maps the domain of monogamously
married,wolown into the range of monogamously married menor "integer suc-
cessor of,' which maps the domain consisting of all integerg into itself.-

"(Domain and range ale identical here.) Some relations Ire many-to-one, such
as "square of", which maps the domain.of all integers into the range of
square integers. (Thus (-2,+4) and (+2,+4),'both belong to this relation.)
These first two types, together, coutitute the kind of relations' called'.
functions. Other relations are one -,to- many, such as "offspring of", which
maps the domain of parental couples into the range of people. The fourth
kind .of relation consists of many-to-many relations, such as "brother of"
or "sister of" and "greater than". of "smaller

One special kind of many-to-many relations, consisting of all the sets of
ordered pairs that can be formed between a first set taken as the domain

- and a second set taken as the range, is called he "Cartesian product" o_

&
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the two sets. For example, the Cattesian produokof.(1,2,31 and J4,5,61
is ((1,4), (1,5), (1,6)., (2,4), (2,5), .(2,6), (3,4), (3,5), (3,6)} (see
Figure 1).

A. A relation

on (4'5 6}

(1,6) ,(2,6) (3,6).

(5 <6) (-2<3,5<6..)> 5<6 ) .

5 (1:5) ,, (2,5)

> (4<5)'e!4Ni.... (1<2,4_55 . 2 <3;4<5

4 (1,4) (2,4) (3,4)

1 (1<2) 2 (2<3) 3

A relatioA on (1,2,3A

o/FigtAe 1. The ca'rtesian product of two sets (1,2,3} x {4,5,6}
and (in the ovals) the Cartesian product of two asymmetrical
relations desfined on those sets. .

.

& ,

;

The Cartesian product of two sets of ordered pairs is a set 1Lordered ,

pairs whose components are all the ordered pairs formed by cqnsing first
members from-the first set of ordered pairs and second members from the
second set, i.e., it is a set of ordered pairs of ordered pairs. This is
what the Cartesian product of-two relations is, since a relation is a set
of Ordered pairs. Does this concept adespately represent the result of what
Piaget and Szemiitskaand others from Geneva refer to as "multiplication of
relations"? With Weiner's definitions it cannot be other-Wise. However,

.Weiner belongs to the positivisitic tradition which Piaget and his colleagues
roundly reject.

. *

The Genevans refer to "logical multiplication" as a general operation* and

*Piaget and Szeminska (1952, p. 244) define logical multiplication as express-
ing "the fact that two or more attributes are considered ssimultaneously."
Inhelder and Piaget (1,964, p. 178) explain that such-a "Limple multiplica-
tion is abstracted front "complete multiplication", i.e., complete cross-
classification.

11 1 5
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"multiplication of rerations7, as a specialized form of the former. If we . ',
choose to represent 14 a Cartesift"product the result of "logical multi --: '"'

ilication," we should note thdt logical multiplication is. not cotputative

Inc e for any two sets.A and B, where A is not identical with B, A x B is
nou the sate ast.B,)5 A-,. "fiF the order:,of all the ordered. pairs in the product
would be reversed. 'the reakr can also convince hitsdlf or herself .that

.

forming Cartesian products of nonidentical sets is not-associItive either.
Why then would mathematicien,s use*.forthis set a term like "product"; and
why would Piaget use for the operation a term like "multiplication"?. The
answer is that, if cardinal "rebers. are defined as Russell did, by a
process of-grouping togeth r a etsrwhose elements-can be placed in 1-1
correspondence (thus d4fining the nu . - -r v.-id,' fo ple;as the set of
all doubles), then the product :of any two inal #01 rs A and B is the
cardinal number C of the. Cart7sian product of twc sets whose cardinal numbers - N

..-area and B.- While Piaget and Szeminska reject Russell's definition of -

-cardinal number, th4,seed to accept the idea of multiplication of sets
which Russell's defglition-employs (they call it "lcigical multiplication "),,

1'

.otice how the concepts of It logtdal Multiplication" and "Cartesian product"
differ from the common definktion of a 'product" in many elementary school
textbooks as the sum resultingl!fTbm 4,o. many repetitions of the addition of
a given number to.' itself and of "multiplication" as repeated addition.. The
ia-ea:ok repeated add l-.4 on enables children to fill in thegmUltiplication
tables and check rAnlE of-the multiplication algorithm by another method,
but 1., is of no help in understanding,..for example; how areas and volumes

'are found" by mult4licatioxorhow .relcicity multiplied by'tim yields i

distance traveled, (It is:surely from applications of multiplication like
these tht a "magical" view of arithmetic frequently

iarises

and that
children become'unaole to decide, in a Word.problem, wheh operation t1O
perform on which pair of numbers..) With set models of.line segments, one
can' construct by` logical Multj,plication set itdels of areas, volutes, and

_o_theT physicalquanitie, arid' even make meaningful the Multiplication by
transcendental n'dm6ers likk pi. According to Piaget, however, the abstract
theory heeded to spell,out these conceptions explicitly is.imp,licitly
developed by all children in their out-of-school thinking about their
environment!' The prpblem 4 that they are too often unable to connect
their intujAively,developed notions of quantity with the explicit arithmetic;
of sch'ool.

_

I /
Where Piaget.explieitly breaks off with Russell and the extreme formalism-
of much logical theory pf the foundations of mathematics is not in terms
of the structures and concepts of. sets and logic but with the:linguistic
bases- of those ideas-proposed.* formalist and logicist philosophers of
mathematics. de says that logical do not arise from language buyflrom
the coordination of,aCtions, and "the essential notions whiich,charact rime L
modern mathematics are much closer to the, structures of 'natural' thought
than are the concepts used in tradition.1 mathematics" (Piaget,,1975).

'4

.

r "l

gor example, tae ,argues thatsthe way tn which actions at the.sehsory-mot6r4
level are coordinated 13)4.-assimilation schemes has a relation with the.lawa.
of the logic of sets. "Two schemes can-Le coordinated or disassociated
(Jrlon), 'Thecan.be partially nested in the other (inclusion), or only

inhave o part n common with the other (inter5:ection); ... and once a scheme

A
12 "16 .
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imposes\a goal on an action it is contradictory [exc usion] for the
subject\to go in the opposite direction" (Piaget, 19,5). He not only
arguesthat'the more contemporary concepts of logic ave their basis
the psychology of young children's. action, but that 'this through the
progressive organization of action schemes that suc logical notions as
these are strengthened and combined in various ways to form the concepts
of traditional mathematics. NuMber the is not a primitive concept that
is easily understood, or easily related to counting4 It is a complex'
_synthesis of a number of separate but more fundamental ideas. Further-
more, the concepts of-continuous-quantity of liquid,; amount of a Plaqiic
maertrial, length, i3 eight, and volume of solid objects also develop in a
systematic order from, and by the natural functioning of, the same funda-
mental logico-mathematico operations which, in turn, were ultimately
derived from the. primitive logic of the interaction of assimilation'
schetes.

\ftaget (1967)," in responsebto Bruner (1966), as we can now understand,
Strongy objected. tb any identification of the multiplication of relations
withcOnServatton of quantity. But Piaget and Szeminska (1952) had made
their,objection explicit. long before. They wrote then.:

It is clbviod's, however, that even if the opeiration of logical

multiplication of relations were carried through by the child
of*this stage (nonconservation) it would not suffice for the
construction of conservation of'the whole quantity unless the'
height and width were simply permutated. Acolummof liquid

,.whose- hei ht increases Snd whose width diminishes with respect'

e,...--b21

.
to ! ot column.may.be greater, equal, or less in volume'
than the other (p. 16).

In tile-light of Piaget and Inhelder (1974) and Piaget, Inhelder, and
, Szeminska (1960),. in which the concept of volume is sharply distinguished)'

from amount of substance,.I suspect that this reference to "volume" is
one the authors would now like to change. With this distinction in mind,
and recalling that there are ninstrumeats or procedures with which to .

measure "amount of su stance," we maybe puzzled, by the next two sentences
following the two Su quoted°(Piaget and Szeminske, 1952): .

,...0

In order to be Certain that there is equality'; the intensive
gra4u.ition must be completed by an extensive quantificat/on,

i.e., it musA be possible to establish a true proportion, and
'not merely a qualitative correlation, between the gain in -
height and the loss in width. In other words, there must be
ga'rtition of'some kind t9 supplement the coordination (p. 16). .

How 'is extensive quantification with true proportion possible for a child
who has'no way of assigning numbers to'ciMounts of substance? .

From what we have seen earlier, the multiplication of relations bearsno\y,

structural resemblance to aproportional (nor)- linear) compensation between{' /,
themetricai.quantities, height and width. Such compensation wo44 bik
represented by continuous graphs (relations of infinite' cardinality) shown
in Figure 2.

4.
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' Metrical
height of

cylinder

A

L

a 4

A L Metrical widthof liquid

'Figure 2. Lines of equal amount of liquid in cylindrical
ntafner.

A.

Such a graph depends on measurements of length, although it does not pre-
su pose a measurement of volume,, even though the formula for the volume of
a linger might be the most familiar way to derivei,t for us who know it.
Ho ever, conservation of j_ength doed not appear.until about ,age 9, so the
mystery still remains of howtrue proportion ,between length and width can
be conceiVe0 by the child before he has achieved conservation of length.

.

4We deed an examge from ,Piaget's clinical interview reports that would show
dhildren use the more modern logico-mathematical concepts they have

eloped themselves. Here is an excerptlrom an interview with Edidi,iged
6 years and,i months (Piaget and Szeminska, 1952,pp. 15-16):

(Qa.las A was 1/5 fiiledA-see Figure 3)

Int.: Pour a6 much orangeade into this one (1) as there is
there (A).

2. Ed: .<Filled L to-the same le/el as that in A.)

14

1
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4
,

Int.: Is there the same amount 'to dr4.nk?

3

4. Edi: Yes., 4

5. int.: Exactly'. the sate? -

6,.- Edii No.
s

7. Int.: WhS, not? * 42

,t

8. Edi: That one (A) is bigger.
-

.

9.. Int.: Alit must ylau de', to have the sdine amount?
I

10. Edi.: -Put some more in L)

.int.: IS thatrright? 4

12. Edi: No.
,

13. Int:
,,

.

i

: Who has more? /

- -.

. ,Edi. . Me (pouring some, back) . No, the other. one has mt.re

f

)

(A). ( 4e continued .to -add more and then,pout.some
without reaching.a satisfactory conqlusion).

,,

0

e

A;

d

L
r

4 Figure'3. Itio vessels used in 'investigating continuous-

quantity.

0
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Of Edi's responses Pia_get and Szeminska (1952, p. 16) wrote as follows:
(Line numbers from protocol excerpt above-have been added in the 'quotation.)

:..the child begins ... by filling the narrowtlaas L to the s..arlit
level as °the wide glass A (2) ... he than iscovers,by.comparing
the two., columns of equal height, that, one (A) is wider' than :the '

other (L) and decides that the first glass %A) contains More be-
cause--it,is bigger -(8). 'Thus a second relation, that of width, is
expricitly brought into the picture and 'logically multiplied' with
that of the levels. In order to arrive at equality, the child
pours a little more liquid into glass L'(10) thus.proVing the

,reality of this multiplication.of relations,

,

At 14pOuring.some back, he continues to relate less4dth to greater ,-
'. height. That is, a pair of elements frcird the height relation are combined

A with a pair of elements from width, ffrst transforming the level,in.one
direction and then in the, other. . .-.

. .

To obtain a rigorous solution to t,Oe question posed to Edi, an algebraic
relation between height and width is required (Figure 2). 'However, the
concept of metrical quantity'of liquids, developing before/such .measurements,
are'made, requires an equivalence between partstof the liquid before and '

after transformation of shape. Piaget describes the-typieali partition of '

the quantity of liquid into two parts, the first Of which has the same .
s pe and same dimensions before and after 'the pouting transformation

marked "part un;hanged",in Figure-44) and ,tile second of which' is transformed
in.shape. Once thechild recognizes that the second part is transformed -' '

from a wide crescent to anatrow eylin*Eir (Figura 4), the compensation of
te

narrow.
.cylinder -

wide

crescen

Figure 4. The, partition or a quantity of liquid, before and :

after. transformation of shape, leading to extensive quantity
and conservation-oftRuantity.

16 20
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the two dimensionsAS assured. The cioncept"of anextensive, additive quan-

tity, the Genevans argued, is thereby` established. for amount of substance.
Evidence of the recognition of thiscompensation, however, was rarely found
in the interviews I have conducted with -children, and Piaget and Szeminska
give'only one example. HoWever, as the biorogist needs-'Only one flower to
explain the reproductive processes of s plaint, so this one example serves
to, show how it is Possible that this compdnsation idea emerges and that
conservation of amount of 'deformable substance (liquids or platicine-like
materialover transformations of shape,becomes-evident.

This extensive'.quantitative idea does no-t, however, immediately transfer
to conservation, of weight, and'the techniques Of liquid measurement are not

automatically tra§ped. Furthermore, conservation of,volume of solids by
displacement of liquids does hot appear until after 16 or 11 years of age.
These quantities continue to conflict sharply with kinesthetic systems in-
volved in feeling the weight of something and in pushingaside,water (thus ,

generating a Voluthe by the movement of a surface). Kinesthetic-edecrollue-
tures (Witz.and Easley, 1971) tend to restrict the applicability Of the
operational schema of continuous quantity until about the age of-12-14
(see Piaget, 2974, $. 3),

One further tvelopment of. Piaget'stheory (1976) was, stimulated by the
recent,development of the mathematiCal.concept -of category (McLane and

'Birkoff, '1967).as a new unifying concept; Since'categaties arise from

morphisnis which, in turn, arise from systematic correspondences, Piaget
was recently motivated to look for uses of'cbrrespondences in the demllop

went of intelligence. Among other things, he and hiscolleaves considered
whether establishing clear correspondences betWeen parts of a piece of
plasticine, as it unbeirgoes a transformation in shape would' assist in the
development of the Concept of extensive, additive quantity and conservation
of that quantity over transformations of sh4e., When pieces were broken
off a ball of plasticine and-added one-at-a-cime to the -ends of what turns
out to resemble a sausage (see Figure 5)r children of about 4 to.5 years

J.

Figure 5. A ball of plasticine being transformed bit-by-bit
into a "sausage" ro demonstrate the correspondence of parts.
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old knew i'Nediately that the amount of plasticifte'had not been changed.
(This rece t experimental.resUlt had been foreshadowed in a footnote in
Piaget.an Szeminska, 1952, p. 24): However, it must have been a great-
surprirse (contradicting much of what Piaget had hypothesized about-the
natural' imits to accelerating intellectual development ( Piaget, 1964))
when In elder, Blanchet, SiRclair, and Piaget recently found (1975) that
severe repetitions of this process of carrying out the transformation of
a pie .e of plastic.ine led to true conservation of substapce''several years
earl r than,had previously been observed. Summarizing the implications
of ese experiments, they wrote (1975):

The first of thve implications is that one finds nothing more
at the ehd of a' movement than hat was removed at the begiiihing
of the movement. This then implies a compensation between what.,
is additive .at the point of arrival, and whatis subtractive

at the point of departure,.. tt is'this compensation which was
faC,ilitated by the techniques of sections 1 and 6 [involving
demonstrations to the subject] but which is spontaneously
.produced when the subjects, pulliRg a ball {of plasticine] out

. into a sausages realize (belatedly) they it is getting thinRer:
They understand then, on the one hand, that they have done
nothing more than-displace pieces non-delimitedly ("all we did
was to lengthen it") from which, on the other hand, they under.;
stand the compensation between what is added In length and what
is lost elsewhere (in thickness). This compensation (explicitly
formulatedby a number of subjects), whose appearance seems
mysterious since it is not based on any measure, turns.the
":other way around as soon as the changes in shape are understood

.,/ as a result of simple displacements (therefore w..thout
"productions")...* (Inhelder, Blanchet, Sinclair, and Piaget,
19751 trans. J. and R. Easley.)

%AL

'Here, we see real progress has,been made.in clarifying the mystery df a
metrical quantity which cannot be measured. Compensationi,'and therefore
consiervation,'come from a partition and a.terrespondence-lnking.parts before,
during, and after the transformation of shape. So!it is the visual and con-
ceptual tracking of the parts created by the partition that geherates the
certitude children feel about a quantity they can't measure or compute.
The authors continue:

This important point remains to be made, the Compensations
-and extensive and additive identities inhe in commutability**
do not suppose at all, when they are applie to a continuum, an
effective preexisting partition. The displacemPnfg, once under-
stood as simple changes of position leaving invariant the quantity'
while chan ing the forms, imply the representation of a possible

_partition, ly between the parts displaced and those that
remain in place; and that suffices to generate spatial compen-
sations, extensive identities ("We didn't take anything away or
add anything," which confirms the psychological,statusof the
identity operation +X -X = 0), and additivity; for partitive'

*This recent observation was foreshadowed in Piaget and Szeminska (1952, p. 24).

**A generalization of commutativity without reference to left-tight, temporal, ,'

or logical order.
(-)
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addition; even when it operates on pieces which are not delimited
put'which are delimitabTe, and even before all weasure or con-
struction of units, is as operational as the Union of sets or
numerical addition (Infielder, Blanchet, Sinclair, and Piaget,
1975; trans. J. and R. Easley).'

We thus see that a form' of addition; not logical multiplication, is the key
precursor of continuous quantity'. In the same study, tuese authors estimine
tie relation between conservation of continuous and discontinuous quantities
Med find the cognitive structures in both cases to ipedAsomorphic.. In tie
case of conservation of number (Piaget and Szeminska,t 1952), earlier dis-
cussed in terms of the coordination of two cont-inuous quantities, the 'overall
length of a'row of counters and the density of the counters in a row (see
Yigure 6), is now seen tb involve correspondenc.* .

Comparison row4

f
® e® ®ø

Transformed row .40 0 0 0 0

/ I
0 0 a 0 0. 0

Figure 6., Transformations of length and density of a row of
counters in a Anservation of number clinical interview.

4

What is clear for educators from this selective review of develcipments in a

much' more extensive literature, is that- the introduction into the mathematics
!,.urricula of sets, Cartesian products, relations, and functions in the: name
of new mathematics has not at all been applied to assist, in the development'
of the concept of extensive metridal lquantities. These are,:,till ashtmed
to-be-given operationally (inthe sense of Percy,Bridgman, not tnat of
Piaget) by the'procedures of mea4'urement. However; the feasibility for
assisting in and not-derailing the natural'psychological development of
the concept of quantity, revealed in recent Genevan work! has very great
significance for educators (Piaget, 1973).

*See a-foreshadowi3Og of this result in Piaget and Infielder (197}, Ch. 8, S. 4).
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Piaget`'stheor of the development of conservation of substance may seem
too elaborate for the phenomena.it explains. However, when' we look at the

operational stages through which children go'in the attainment of the full,
three-dimensional metrical concept volume (Piaget, ;nhelder and
Szethinska, 1960,'Ch. 14), we see that e makes very. ample applications of

the distinctions-between logical and umerical. ultiplication, between
asymmetrical relations and additive quantities / .and between partitioned and

nonpartitioned space. Briefly, the substages he finds in this development
ate:

IIA. ,Nonconservation of volume together with one-dimensional

comparisons.

IIB. Intermediate responses

IIIA. Logical multiplication of relations together with conser-
vation limited to interior volume..

IIIB. First appearance of metrical relations. '

IV.- Mathematical multiplication of'Lee-dimensional measure-

ment§ together with_conServati:on of true volume.

These stages cover ,children from 5 to 13 years of age and cover the full
period ofconcrete operations plus the early portion of the period of fornal
operations. ,Reading the excerpts from clinical interview protocols reported
in that chaptet, together with the discussion of the'intricacies of the
evolving system of measurement arid reasoning, is sobering indeed.for anyone
who ever thought that, in teac5lIng children to measure with a measuriN cup
or graduited cylinder, he had taught the concept of metrical volume.'tTo
illustrate the difference between interior and exterior volume, we quot7

' the excerpt given for Jui age 9 years and 6 months, substage,IIIA). He

was asked to construct houses out of cubical blocks of unit measure equiva-
lent in size to a model but with a different base, and to predict how much
they would increase the level when placed in a basin of water.

4
Jul: Thinks that''a block of 3 x 1 x 12 when compared with another

of 3 x 3 x 4 "takes up ldss room that way."

Int.: Well, is there the same amount of room inside the ho se or not?

Jui. Yes, because there are always th4 same number of bric hether
the house is Put upright or lengthwise.

Int.: How does that affect the amount of space:which it takes up in

the water?
e

Jui: It takes up more room when it's lyingdown.
:(Piaget, Inhelder and Szeminska, 1960, p. 376.)
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Other studies of the displacem ent of Kater by objects immersed in it
(Piaget andInhelder, 1974; Piaget, 1974, pp. 88-89) conifirri that the amount
the water rises is seen as due.:to the weight of. the object immersed rather
than to its volume,.i.e., the sOace'it. contains. ViisXact Piaget,attributes
to the degree that "bodies are understdod to be made up of particles..." °

(Piaget, 1974, p. 94) and these particles are arranged in a "tight" way
that ensures that the active weight and the passive beingweighed daon of
these pa'rticles' are distributed uniformly throughout the body by a kind of
mutual interaction of the particles. Obviou4ly, the same kind of Consider-
ation must be given to the composition of the water if its rising-6-to be
seen_as purely an effect of volume.

;.

Here, particularly, we see a b reakdown of the artificial barriers that
sepatate rnathematics.an4 science.in schools. But, most important, we can
see that Piaget's research is not going to support any general policies as
to when certain topics should be introduced in the curriculum or how the
class should be arranged. ere seems to be no escaping the impliqa-.
tions he nas carefully spelled o t that teachers would have-to understand
rather well the process of cognitive development and ,listen to and observe

children carefully so as.to grasp with reasonable accuracy, what kind of
mental operations -they are bringing to beef on a given task. Then they
could help Children individually and in groups.explore their environment
in ways that stretch their cognitive systems without penalizing them for
having slower development than'other classmates. (See Denis-P)rinzhorn and
Gfi.ze4 1966,-)

.Soviet Studies of Mathematics Learning and Teaching

-The recent trantlations of stuiiesof mathematics teaching and learning
by Soviet psychologists are not only, interesting fothe contrast they
provide with the more familiar American and European studies, but also they
may enable us to gain an insight into the causes of our own educational_ and
psychological history., Rather than'think of learning as behavior change
and teaching as the manipulation of stimuli, Soviet psychologists studying
mathematics have been interesteN.h.probleM solving and reasoning. Fot

e4ample, Krutetskii says:
-

In conformity with the basic tenet of Soviet psychology that one
must study abilities within the activity for which the abilities
arebeirig studied, and on the basis of an analysis of this activity,
we believed that exiaerimental problems should, as a rule, corres-
pond to the nature,of a pupil's mathematical activity (1976, p. 89).

,

He also refers, to the view of Engels that "the numerical relations and
spatial forms of the real world are the object of study in mathematic's"
(Krutetskii, 1976, p. 86). While this does not mean that algebraic
relations and geometric theorems are relegated to a minor role in favor o4f
statistical graphs and anatomical drawings (nothing_could be...further from - - -
the truth), the extreme forms of.Platonism and formalism which undeftie modern
mathematics programs in the U.S. are not in evidence in these studies. .
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In effect, the curriculum as it is, and long has been, conceived by tea4ers,
parents-, students, and administrators is accepted aS' the starting paint of
research. 'Improvements are sought within it, not' by replacemeNt of it
However, improvements within the traditionalcurriculUm and methods of
teaching are not sought by attempting to conceptualize mathematical und-.''
standing 911fferently or by putting aside te judgments teachers make,,
replacinetheir natural perceptivity with IFOChanically made decisions, as
'has occurred'tn many of the reforms and innova0.ons 1,h the U.S.A. Rather,
t is assumed that teachers can tell which students understand correctly
and which ones do. not,.and will understand what is'discovered or-inveneed
in tne Ngy of improvements in pedagogy. ,,,The USSR may be the last tajor
country preserving a close relationbetWeen the academicians andthe schdol
practitioners. (England has just- .decided that all teachers' colleges have
to be, university affiliated tobe allowed to continue, and those that
cannot find a sponsoring university must.close. It is feared'ehat this may
result.in the same separation betWeen schools and academicians as we,now
find in this country.)

, .

:then Krutetskii attempts-to isolate the components of mathemdtical ability
.

fbr the pUrp0.es of investigating their processes; understanding them
better in order to assist i their development', he earIches the literature
and comes up with the,follo ing list:

An ability to shorten the reasoning procusS, to think in curtailed
-structures.

An ability.to reverse a mental process to transfer from a direct
to a reverse train of thought).

rlexibility of thought - -an ability to switch from one mental'
operation to Another.

A mathematical ory. It can be AssUMed'that."takcharacteristics
also arise, from e specific features of the mathematical sciences,
that this is,a memory for generalizations, formalized structures,
and logical schemes.

An ability for spatial concepts, which is directly related to the
presence of a branch of mathematics suck as geometry (especially'
the geometry. of space) p, 88).

A These abilitiet are conCeivedlas determined by the nature of mathematics
more than by the nature of 'human thought processes., Krutetskii is not

engaged in Piaget's task, trying to discover in children's thought the seeds
of mathematical thought in general, i.e., hOw it was possible for man to
havO created mathematics. He is not attempting to ,apply a general learning
theorysuch as operant conditioning, or to define these abilities in
behavioral terms. Nor is he adopting a general theory of the,nature of
mathematics or mathematical proof such as that deriving from Boole and

_
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Frege. Each clasoical.branch of school mathematics, arithmetic, algebra,
geometry, is accepted as given and as generally understood by those who
teach it. There is no attempt. at reductionism, reducing either mathematics
learniAg or mathematics itself to some simpler system of elements. The

terms of theseabilities are such as teachers who have mastered the branch

ti

of mathematics ,they teach would understand. .

,.From this pointof view, efforts to isolite general abilities Aerive from
a kind orpointless; abstra.ctibsychology.. He develops nd studies,inter-
correlationa among tests for each ability, but as Kilpatrick and Wixszup
complain in the introductioh, "Hen iker showi, by, including all the tests
in one analysis, that the groups he-Was formed are associated with different
factors" (Krutetskii,!1976,. p.xv). What would be-the point of doing that,
except to sort pupils out in'general ability groups which would do violence
to their feelings of individual worth. A mathematics teacher's job is
clearly to identify specific mathematical weaknesses and work for their
improvement in individual pupils. So mathematical abilities are naturally ,'
defined within that conception. To illustrate this point mote precisely,
not how Krutetskii.describes reversibility of mental processes: '

. .

In the first plaice, ,it is the establishing of)two-way (or
reversible)' associations (bonds) of the type A4 --+B, as opposed
to one-way bonds of the. type A---.0-B, which function qnly in one
direction. -1-.

In the second place, it ds the reversibility of the mental
proCess in reasoning, thinking in a reverse direction from the
rftult or the prOduct to the initial data ... But the specific
way's thal the thought.traVels can differ greatly.

Thus we shall silleak of.direct and reverse bonds. A sequeve of
thought from A to E, say, will be regarded as a direct bond; a
tho4ght.sequence going in the opposite direction (from E to A)
will be regarded as a reverse bond' (1976, p. 287).

,)

The overwhelming majority of the aveiage pupils, coped with
solving the reverse problems without special exercises...

0

As tor the incapablepupils ... a direct bontLcan'be securely
anchored in them, but areverse bond is not produced without
speei4Alexercises. Here we are discussing correct reverse
bonds Four theethe question does not evenarise whether the.
Inverse (theorem,-tourse or reasdning) is correct' in the-given

tance (176, p. 289) (underlining added).

It is clear that, although Soyiet"psy Togists may AiScpss bonds formed by
arbitrary associstiohs, in learningm ematics an evaluative process MOSt
always enter in to be useful. Hence, the term lond":iS stretched from .its
limited, redationist'meapg to a much richer.meaning .ih,which the prOcess
of reversing is not ;divorced from' the process of judgment of correctness.
This is an adaptation.oflpsychological theory to the educational situation
as defined by teachers that would not be 4110e by many tiestern p'aycholo fists.

heir view. wodldtend to be that 'the practice and beliefs of teachers /should
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be modified to confdrm to.psyMkological discoveries, and,that objectivity
. is the chief criterion, not usefulness. The question ofewhether most
teachers can modify their views and practices to conform to even one of
the psychological or theoretical positions without years of intensive
retraining has to be answered before one can judge the merit of the
Soviet strategy in educational psychology. But, at least, it can'help us
reflect on the disappointments of our own ventures,,or in the remoteness
of a Piagetian system.

Lest the reader be le4, with the impression thatiao substantial changes' are
being proposed in the traditiOnal ways of teaching mathematiCs in Soviet
schools, let me review, briefly, an example of the kind of changes some
Soviet'writers are-proposing. Chetverukhin (1971) reviews the difficulties

. that teachets have had in teaching 'Euclid's Elements of Geometry inthe,
development of sufficient visual imagination to perms l an understanding of
theorems and probfs. Pointing out the inadequacies of merely showpg three-
dimensional models of geometric objects, Chetverukhin tries out ways of
exploring what geometrical abilities children have. at various ages that
might be developed. By-asking children to draw familiar three-dimensional
objects from memory, he was able to show that three- imensional and cpmplex

andmechanical aspects are perceived early d the ability to reprysthit them
accurately can be taught. In 'a task suitable for older secondary srdentsc
drawing sections'of a ring (circular'torus), either aloneor in a nctangu- .
lar box, proved challenging. The most difficult section, perpendicular to
the plane of the terus and just grazing the hole, very. few even at the
post - second'ar'y level could draw accurately except those in engineering
,courses. -.ik major defect noticed was the tendency to use stereotyped
forms, e.g.), circles'and rectangles in standard p. sitions. He recommends
strongly, on the ba4is. of this study, that the tea hing of geometry. should'
be strongly supported by spatial concepts develop d through such means as
constructime-ind projective 'drawings for surfaces of rotation and perspective
drawings of standard figures in arbitrary positio s. '

It i8 extremely interesting to specuOrte what research in mathematics
education in tills country would become if the mathematical understandings.
of teachers and tie learning problems they identify in their,pupils were to
be taken.as the starting point for detailed clinical studies of teacher-
pupil.interactions in order to arrive at helpful procedures, devices, and
materials. This idea ip,not far from what Bpawell, Brownell, and others'
were doing in the 1940s tomake arithmetic teaningful (Weaver and Suydam,
1972), but progress was slow and changes in society and,the intellectual

. climate of teacheirs colleges and the universities Into which they were
assimila&d or converted were rapid. .Teacher educators, in order to make
their way in the university system of rewards, sought sophisticated intel-
lectual'syste to apply to the task of advancing public education. One
prominent'sour e was statistics; another was the structures of the varioft 0,

disciplines. ifferences among philosophers of mathematic§s for example,
tended -to sp different recommendations for reform of mathematics
education, the mplicationbeing that the traditional.currIculum had no
_academically in eresting structurg, and that a nod structure had to be

40provided.
.

iknother'source of an intellectual system f.2.-r1 work in mathematics education'
was psychologi al learning theory, More tecently, 'cybernetics,'-artificial

mo.
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.
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intelligence, ;he Piagetian theory of the evelopment of the intellect, and
task analysis, have also been employed r the redesign of partS of the
mathematics curriculum. With most orm programs there are associated
particular master teachers, who p sonally developed the art of applying the
particular intellectual system,invotved. Meanwhile, textbook publishers
and editors took what they thought teachers would be able to use and packaged
a mixture of new ideas with the old in-the most attractive format they could
muster, and schools struggled on with .that necessary subject few ever clairn
to'understand. The various forays of university-based mathematics educators
seem to have had at best a superficial impact. Schools were possibly too
busy with other matters: the civil rights movementi-the drug culture; and,
more'subtly, with a set of risieg expectations on the part of Seudents and
parents that individual interests, abilities, disabilities, and ethnic back-
grounds would be accommodated, and furthermore that the school experience
would, be fun.

It is pointless to.speculate on what might have been, if teachers colleges
had,remained separate from universities,and practical-improVemenf in
lessons had been the prime consideration and the application of theories of
all sorts to reforming schoo teathing had been consideredobourgebise or
even decadent. I don't' believe that American eduation has lost its talent
for practical advancement, but it does appear that the breath between
people who work in schools and the aCadenTiciens in university ,s has widened.
alarmingly. Despite this pessimistic note, however, the practical uses of
the various kinds of clinical studies in mathematics education that have

, been exemplified by the foregoing sections do offer a substantial ray of
hope. To this problem we now turn our attention.

The.Uses of Clinical Research in,the Mathematics Classroom

From the point of view of traditional types of resarch:the title,of this
section is ambigUqus, because it could refer to tfie uses of research results
or to the uses orresearch methods in the classroom. Both interpretations
are necessary. From the perspedtives of the clinical research reviewed
above, there are no results which canbe applied, witlhout at the same time
engaging inkfurther use of clinical methods, and the methods benefit greatly
from what others have found. Traditionally,-results are generally stated
in terms ofi relationships between variables (usually some form of co-
variation in some population) And clinical research usually results in the
recognition of processes or mechanisms of some kind that explain why things
work in a particular way. To be sure, mechanisms and processes vary in
tany ways. A clock mechanism can be measured in many details--the number
and size of its cog wheels, the number"and size of the teeth on each wheel,
fhe type end period of its pendulUm,'etc.,.but these various measurements
and the ways they 'dovary are Secondary because their, meaning depends on
understanding' haw a gear train-,works.and.how an escapement workS. When.the
clocksmith sees .bat is wrong anted `'hat is needed to- fix pit, he usually has
not depended o5 measuring any df-thase things. Uowever,. when a mechanism
is hidden, as in a chwical reaction, or in a disease of a complex organism,
the measurements of variables are essential to determine which of the many
known, mechanisms possible is involved at a given lime:- Howevers.even whtp
there.are no cog whe0.s td he seen, the (Occrliery of ,which,,of the possible
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mechanisms is operating demands a mental process quite different from
studying patterns of covariation. Instead of loo)cing al ns-dimendional
spaces, one thinks of structures, whether they be systems.of 'atoms or sys--
tems of ideas or Organ systems or Arstems of conceptions, as in Erlwanger's
treatment of Benny.

In the case of Piaget the mechanism assumed in most of his 'later work on
the development of intelligence in school-age children is based_on the
analogy between,what mathematicians sail structures and what /biologists scan ,
structures. He supposes that matheriatrcal structures underlie children's
thinking about quantity and causali{y and that they go through progressive
differentiation and specialization like the structures of 'the body. It is A
his hypothesis,,in- fact, that mathematical structures:are biological struc-'
Mures of the species that doesmatheMati.cs. Then, extending ,his analogy
further, he propo$es that these mathematical structures carry on-a process
of assimilation, and adcommodatin like other biological structures. Pew
elementary sch4b1 teachers will be applied mathematicians of the sort who
might make use of agollathernatical theory of mathematical learning. Most
teachers may 4 hap ier with the more practical-minded Soviets who take
abilities as ecogn zed by teachers and attempt to differentiate them more
clearly from ea her and speculate about how they are formed and how
they may be developed--not as general psychological variable;, but as
contextual Perceptions.

Clinical rapear4pherS. of any of these broad points of view, and other& as
well, will see classroom events more clearly because of their research,
for they are likely to notice the kinds of structures they have seen before.
They are also Likely to notice variations from familiar structures that
may make a difference in their functioning, as in a clockworks, the varia-
tions in a given structure are secondary, given. by the structure, but
important. In this process, no rules emerge that don't have lots of
exceptions. The teacher must watch and listen and try to understand what
the pupil is doing and saying, and take the pupil's words and actions
seriously, not just as mischievous or sloppy, thougirockasionally they may
be that. Any such hypotheses, as' well as hypotheses about the pupil's sub-
stantive Ideas of mathematics, need to be checked carefully from time to
time. 'Jumping to conclusions is necessary to get started, but all such
conclusions mist also be challenged yigorously.

It is, common to hear, the objawdh that clinical understanding is
'idiosyncratic and not reliabfrenough to serve as a basis for a science or
technology of eduCatiOn. This objection arises from a conservative method-
ology which hopes to reduce the process of scientific advance toqflechanical
procedures. However, physicists and Mathematicians often h'ave given
expression to the'great,dependence that the advancementof science has on
human freedom and, creativity. Consequently; I am,prone to take more seri-
ously the objection of Herman Weyl, a mathematician who contributed

c greatly? to the` development of modern physics. Weyl argues4that, although
our knowledge of another person's mind is of indisputable adequacy for mat},
intimate and eomplex acts of communication,, ic is nevertheless limited-in i
contrast to the iathematital way of constructing theory developed during
the past three centuries., He says:

26 M



..,the scope of the understanding from within appears,practIkcally.

fixed by human nature once for. all, and may at most be wideted
a little $y therefinement of language, especially the language
in the mouth of the 'poets. Understanding, for the very reason
that it is concrete and full, lacks the freedom Of'the 'holkbw
symbo/' (1964, pp. 580-581). 1 - .

In the case we are. talking about of teacher trying to Understand his or
her pupils by empathy and being reSponglve to them; the problem is not, as
many teachers fear,, that they will differ too, much from what other teachers

might s.gy intheir efforts tOcunderstand the same'pupils, for that problem
can be solved by careful examination.. The limitation of direct personal .

understanding of another human being, or of oneself, is that there ifs not
enough variability and too much stereotyping.

/4
Whittaker (1975) desCribes,how she encouragos_primary school teachers tk
mathematics to interview their pupils using Piagetian tasks, not-as a means
bi assessing progress nor even as a basis for curriculum planning and
decisins, but simply asa way of getting to know the children's minds.
This seems to be Piaget's recommendationAtoo (Piaget and_Duckworth, 1973).
The advantage his tasks seem to have for.this purpose is that they are
safe from correction, ,once the teacher knows that children go through,
different stages in terms of the kinds of answers they are likely tb give.

7 An unacceptable answer,from an adult point (4 iiiew need arouse little con-
.

cern, for the next year or so will cerkainly'bring the,child,to the point
where he ,or she has a more acceptable answer. The child knows, too, if the
interview is conducted properly, that he or she can say what he or shy thinks
and give his or her own reasons. It is harder for a teacher to'get such
'honesty from-many'pupils'with regard to the specific subject matter
being studied, and yel thellagetian interviews cover ideas that are'funda-
mentally related to the subject matter ofmathematics.

It is certainly not necessary for a
Piaget's-mathematical theory of the
There are plenty of very. successful

it is not necessary foi teachers to

teacher of school mathematics to know
development of athematical concepts.
teachers w ver heard of_it. And
have other irate ewets come-in and

check how their students-ire conceiving of mathematics, or again success-
ful teachers exist who don't do this. It does seem to me,. howevef, that
without some kind of clear Channel of communication, in which can

tune in to the teacher when he or she is feeling lost, there will be far. too
many pupils who are lost: Mathematics;±s traditionally a har4 iubject. ant
many people feel that it is'no d4sgrace to be "dumb in math," but thgre",
seems to be no good reason for it. The most probable reason that a size-

}, Itlepercentage of pupils have difficulty in mathematics classes at all
levels of schooling is that Che best students set up a private mode of 0

communication with the teaser (often picking"up the teacher's own words
quickly) Arid those who din't immediately catch on to this language feel
left out and stop trying to understand in their own way what is g6i1A.
They just try to do enough to get bST or else they actively rebel agaihst,
"the teacher's requests.

Clinical interviews can,help reestablish communication', through alternative
channels,.ia alternative terminology, and can reduce the feeling that there
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As just one precise way in ,which the Fork is to be done. Teachers and
pupils alike need the sionfidence the comes- from occasionally finding out
Why something' asthard for someone t understand. The point of view here
is that each particular child is the authority on what he or she thinks and
whaLsmakes sense to him or her, not Piaget, not any researcher, no 'matter
how deeply the researcher has probed or how broadly he or she has sampled.
Even if one knew that 95% of,all fourth graders did not accept-conservation -

Of volume (a far more-positive piece of information than any authority-would
support) it could not confute a particular. child who plainly says that no
matter 113w-A piece of plasticine ig4 defor4d or arrangea,.it will displace
just as much water. Statistical Summaries can at best only alert the alert
teacher to particular possibilities, and actually conducting Clinical inter-
views can teach'one better how to recognize these possibilities than any
psychometric or interview schedule that could be published.

Conducting' clinical interviews provides training in eh interpretation of
human thought and,can, if desired, draw'into the proce the most sophisti-
cated kinds of intellectual tools one possesses, but basically it depends
on one person's attempt.to understand another. The published studies,
many. of which will:be listed'and categorized in the next section, can only
provoke one to try different kinds of tasks that might not have occurred
spontaneous4y and toitry probing for different kinds of ideas that one
would not: have'thouelt to look,for.otherwise. They do not teach how to
teach. That is something each teacher began learning at his afr her mother's
knee and continues to learn throughout a lifetime, for teaching is one of
the most common forms of human interaction there is and its specialized
organization in schools is the source-,6f as much hindrance to ts natural
development as it is a help, ,I see many 14sibilitieS for the development
II.;f teaching by teachers, and hinicalistudies have a potential for helping
many teachetyp achieve major'advances in their ability to help children who
otherwise wouldn't be reached.

,

The Literatiks of Clinical Studies.in Matrrematics Education

"This section will list documents the reader may fini useful in following
up on the t9pes*.ofissues that have been introduced in preceding sections.
It will follow the sequence of those secitions.

The literature on the methodolNgy.of 'clinical and case studies relevant to
mathematics education is limite)d indeed. Bang (1966) feviews the develop-
ment of Piaget's methode clinique. In addition to Stake (1976), Campbell

.

(1975), Denis-Printzhorn and Grize (1966), and Piaget (1929),,wehave
already been mentioned, Witz (1973) is a key paper which into ces the

7 methodology of analyling a nonstructured interview in terms-Of the guiding
concgptions of younger subjects. It takes.the reader through the complex
decision-making process in an analysis of an interview with a 4-1/2 year-
qld child working with a beam-type balance. Response latencies are used
to support the d,ecision about framework boundaries. Knifong (.1971) analyzes
four other such interviews with children of about the same age in a similar
way, but also developing intra-framework.structure. Easley (1974) develops,
the diagram of Witz' structural para4igm into a system for accounting fox
two diffe'rent-sited elements of an interview protocol. This technique is

. .
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further developed by Clement (1977). Vinh Bang (1966) traces the

history of the clinical interview in Piaget's work. Piaget (1967) makes
'pointed 'suggestions on conservation interviews. The specific issues that
divide experimentalists and more_clinical approaches are treated in
tasley (1966, 19(7a; 1967b, 1971, 1973,,1974, and, 1977). An' entirely .

differ7ent methodological approach to protocol analysis is found in the work .

of Newell and Simon. See for example, Newell and Sigon (1972) in which
a computer simulation of human problem solving is presented; Paige and Simop
(1972) for a discussion of solving Fora problems in algebra;; and Simon (1975)
foi a general review.

Erlwanger's dissertation (1974), in addition to proving counter - examples
..to many conventional assumptions, is a rich source of ideas about children's
responses to rather highly programmed situations. For example, the second
'case study 'concerns Mat, who differs from the subject of the first study,
Benny; (Erlwanger, 1973, 1975) primarily in the extreme dependency that he
has on the text and in the absence of any struggle or resentment igainst
the lack of consistency from one page of his work to the next,. It provides
a powerful lesson in how mis7educative dutifully following directions can
be. In addition to the discussion of Benny by editors in footnotes already
alluded to [See Davis (1973) for his. interpretation of Benny case], other
clinical studies of children attempting to solve arithmetic problems include
Steinberg' and Anderson (1973), Davis (1975a,b), Davis and Greenstein (1969)
Jencks and3Peck (1972, 1975), Leiser (1974), Peck'anAkJencks (1974), Wit r

and Albert (to appear). Earlier work along the same vein is reported from
Germany (Fruedenthal, personal communicatibn), Wagenshein (1965, 1970),.
and the studies earlier allUded to by Brownell (1944a) and Buswell (1926,
1949). Other studies by Brownell (for example,1928, 1944b, 1947, 1956)
constitute.an important part of this literature.

An interesting study which illustrated a creative method of structural
analysis is Witz and Albert (1975,to appear). It is a heuristic analysis
of chrt of an interview on arithmetic with a very competent 12-year-old boy
which moves"to successively.deeper levels of mental process, arriving
finally by a boot-strapping process at the conception of an "irradiated

4 state" of mind in which clarity is impressively evident.

I proposed (Easley, k914) an operationalization of a partiular application
of one of Piaget's mathematical structures of the formal stage, the INRC
group. Witz (1969) proposed an axiomatization of grouping I, and Grize
(1969) discussed the axiomat ation of Piagetian structures. Kamera and*
Easley (1976) review methodo ical issues concerning cross- cultural
studies of cognitive developme Witz (1970) presented an axiomatization
of an alternative 'structural ana s. However, on the whole, the method-
blogy of mathematical modeling of cognitive structures in school mathematical ,

subjects does not have a veil daveloped literature. A more general approach
to human cognition is described in Wion and Easley (to ap ear). For other
points of view 04.1iagetian interviews see Smock (1973) Ennis (1975),
Steffe (1973), andtunzer (1973),.

0

In addition to Pieget and Szeminska' (1952) classic work on number and '

(IP

quanSity, and the more readable b ok on geometry (Pttget, Inhelder and
( Szem/kska, 1960), the new translg ion < Piaget and Inhelder, 1944) fills a
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gap that has existel too, long in English translations of Genevan studies
of the development of quantities. The most elegant mathematical theory of
the development of mathematical .concepts, though much criticized, is Piaget
and Inhelder (1956). Another new English translation (Piaget 'and.Inhelder,
1975) on the origins of chancein children's thinking is most welcome, for
it is ole of the most clearly written of what uuallY turns out to be rather
heavy tomes., For studies of logical multiplication and conservation learning,
see Inhelder and Piaget (1964), Inhelder, Sinclair, and Bovet (1974), and
Piaget (1977).

The chief resource today for Soviet studies in mathematics Yearning is the
impressive fourteen volume series edited by Kilpatiick, and Wirszup (1969-
75). I nave certainly only just begun to sample this storehouse in such
studies as the two by Bogolyubov (1972a, 1972b) on' solving arithmetic
problems and Chetverukhin's (1971) study of spatial concepts and imagina-
tion. 'Krutetskii's (1976) highly readable account of bbth clinical and
.correlational studies (also edited by Kilpatrick and Wirpzup) is another
source of major importance for the clarity of his'philosophical 'position.
I have also foiind help in developing my perspective on Soviet studies
articles by Gal'perin (1969) andcal'perin andlTalyzina (1961). For general

oackground% the text on the teaching of mathematics, to which some of thQ
Soviet research studies can be related, is Khinchin (IT).

1

Rober Karplus and others have conducted a number of studies of tests on v
1 cal and proportional reasoning. that invite comparison with Piaget's
clinical data. Five studies, Karplus and Karplus (IVO), Karplus and
Betarson (1970, 1972), Karplus, Karplus, and Wollman-(1974), and Wollman
and Karplus (1974) have been recently reviewed by ;ravers and Easley (1976).
Full , Karplus, and Lawson (1977) summarize this work and present

fed ational interpretation from the point oview of conventional phy s.

Papers on the teaching of mathematics. which discuss the uses.of clinical
studies include Bauersfeld (1967), EAley and Witz (1972), which use clini-
cal data to criticize parameterized forms of individualization, Easley and
Zwoyer (1975), Whittaker (1975)., O'Brien (1974, 1975), Piaget (1975),
Folya (1962, 1965), Piaget and Duckworth (1973), Skemp (1971), and Weaver
and Suydam (1972). A rather differeiat interpretation is placed on clinical
research and teaching by Copeland. ,(1974). [For a critical' review see
Easley (1971).] Anderson (1i05) also takes a different view of'what it
means for 'a child to learn mathematical reasoning. 1

For.a.discussion of teachers' points of view on the teaching of matherptics,"
another subje'ct whigh can be profitably studied by clinical methods, sek
Shirk (1973)- and Busis, Chittenden, and Amarel (1976). Since one cannot ,

avoid asking the question, "What is mathematics?", when engaged in examinifig.
the thinking of individuals, it is Useful to have reference to such readAlc
accounts as LakatOs (1963) and Halmos (1968). For more detailed documenta-
tion of rather similar"views'see Polya'(1954). We may appropriately close
this too brief review on the teaching of mathematics-eby the question raised
in Halmos' paper:

In painting and in mathematics there are some objective standards
of good - -the painter speaks of structure, shape,.and texture,
where the mathematician speaks of truth, validity, novelty,. '
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generalitybut ithey are relatively the easiest to satisfy. Both
painters and mathematicians debate among themselves whether these
objectivestandacds should evenbe told to the youngthe-beginning
[studentNy-misunderstand and overemphasize them and at the same
time lose sight of the more important subjective 'standards of good-

[Mathematids] is a creative art because mathematicians
create beautiful new concepts; it is a creative art because bathe-
maticians live, act, and think dike artists; and it is_a creative
art because mathematicians regard it so (Halmos, 1968, p. 389).

For a discussion of a creative, type of elementary school mathematics--as
viewed by a mathematician--see Bauergfeld (l967). For a more teacher-
oriented view of creativity on the part of elementary school children see
Whittaker (1975). Driver (1973), however, sliows, that the. original thinking
of j2- year -old children with quantities,can regularly lead them to conclu-
sions considered" rong or at least Very surprising by their teacher just
because they have such a differtnt conception of the quantities themselves
and the mechanigal way they interact. What we have to admit is that
children engaged in creative thinking about quantities (both discrete and
continuous) will take years to achieve the standarJ set by objective
measurement, calculation, and logic. But it is a sad commentary on the
mathematical ideas of teachers if we conclude,-with 'Copeland (1974), that
meaningful' instruction in mathematics cannot occur until children have
achieved the standard concepts. For, as Halmos (1968) says$ there are
"more important standards of goodness," We take these to include(or
teachers andchildren alike) curiosity, analogy, symmetry, surprise; and a .

conviction that things ought to fall into place, into some natural ordKr.
When these fail to iappen, school mathematics becomes a burden, a mystrious
language, and worst of all a humiliation.

Summary.

In this review of clinical studies fnmathematics education, tether than,
attempting a complete survey and classification of studies, we have attempted
to address the concerns of those,who, not used to clinical or case studies,
find it difficult to evaluate or evenfollow the literature. To this end,
we have examined examples of three different kinds of studies which are of
current interest, and-we have tried to draw out the conceptUal.ok theoreti-
cal issues in which their authois are involved. This has provided evidence
to support Campbell's claim,'discussed our brief methodological section,
that case studies-often test bony more heoretical hypotheses than is the
'case with experimental studies; the vestigators, hQwev.u, bent on finding
tan explanation, often neglected mentianthe many hypotheses discarded
and the evidende on which they were discarded.

Erlwanger'sstudy of Benny, as we have indidated, raised the question as
to how e different ways of thinking Benny used in arithmetic could be
integrat d--a question which Wittgenstein had raised in his studies of the
foundations of mathematics. While we have no clear answers, we now have
an important question that has been toollong ignored--not just in various
individuOlized programs in mayhematics, but in mathematics 'education
generally. In our review of'Viaget's efforts to dnderstand the origins of

2
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quantitative ideas in the cognitive development of children:' we saw that

sophisticated, modern mathematical concepts, can provide theoretical tools
for understanding processes that mathematics educators'have taken for
granted, such as the development of the concept of amount of liquid Qr
other deformable substance. In out brief look at a feW of the Soviet
studies of teaching and learning mathematics;.we saw that Soviet investi-
gators, unlike European or American mathematics educators, Piave accepted
the traditional goals and practices of tedhers as g ven and not attempted
to replace them, except to provide clear, practical, tiofis to problems
identified by the teachers themselves.

In sum, instead of overriding concern for objectiveand general formUlations
of knowledge, clinical and case studies of these kinds show.a primary con-
cern for understanding and helping teachers understand and deal withdlthe
phenomena of children thinking quantitatively.

4

vs,

4.
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